The paper analyzes optimal portfolio choice when the investment opportunity set is driven by multi-stochastic factors, namely; stochastic interest rates, stochastic volatility and stochastic inflation. The analysis is implemented in an incomplete market setting, where the number of risk sources is larger than the number of risky assets. The model segregates the effect of inflation from the other two state variables by deriving the dynamics in real wealth. The derived optimal portfolio shows that inflation plays a significant role in forming investors' hedging demand through the correlation structure between inflation and assets held in the portfolio. Empirically, the paper calibrates the optimal portfolio choice for different classes of investors distinct by the degree of risk tolerance and investment horizon length in an attempt to mimic the popular financial planners' advice. Calibration results show that the joint inclusion of stochastic interest rates, stochastic volatility and stochastic inflation introduces a plausible simultaneous resolution for both Samuelson puzzle and asset allocation puzzle of Canner, Mankiw, and Weil (1997) .
‫ﻳﻞ‬ ‫ﻭﻭ‬ ‫‪‬ﻜﻮ‬ ‫ﻭﻣﺎ‬ ‫ﻛﻨﺮ‬ ‫ﻟﻴﻬﺎ‬ ‫ﺇ‬ ‫ﺃﺷﺎﺭ‬ ‫ﻟﱵ‬ ‫ﺍ‬ (1997) .
Introduction
There is significant inconsistency among the theory of asset allocation and professional financial planners' advices. Tobin's (1958) , Samuelson (1969) and Merton (1969 Merton ( , 1971 , conclude that, under the assumption of equally available information and random walk hypothesis (when returns are normally distributed), all investors should hold the same optimal portfolio of risky assets, regardless of the investor's risk tolerance or the length of investment horizon. Accordingly, no investor should alter the relative proportions of the risky assets in his optimal portfolio but he can hold more or less from the risky portfolio combining with the risk free asset.
The professionals' advice, on the other hand, contradicts that by emphasizing the effect of risk tolerance and time horizons in forming portfolios. The typical advice is that high risk tolerance investors and young investors (who have long horizons) should hold portfolios with high stock to bond ratio compared with average investor.
Research in asset allocation and optimal portfolio choice addresses those inconsistencies as investment puzzles. The horizon inconsistency has been addressed first by Samuelson (1963) and it has been known as Samuelson puzzle. Canner, Mankiw and Weil (1997) [CMW there after] , point at the risk tolerance argument as the asset allocation puzzle.
Attempts at reconciliation of the above inconsistencies adopt the early Samuelson's (1969) , and Merton's (1969 Merton's ( , 1971 Merton's ( , 1973 insights for intertemporal investors. In which they indicate that optimal portfolio choice for long-term investors is different from short-term (myopic) investors. Merton (1973) and later Cox and Huang (1989) suggest that long-term investors should intertemporarily hedge against changes in the investment opportunity set. Any change in means, variances or covariances of securities' returns is sufficient to generate changes in the investment opportunity set that needs to be hedged. Investors hedge such stochastic variations by including in their portfolios hedge funds equal in number to the state variables that derive the dynamics in returns. Nielsen and Vassalou (2000) redefine the instantaneous investment opportunity set as the instantaneous capital market line (ICML) rather than all first and the second moments and covariances of instantaneous rates of returns. They argue that investors need to hedge only against random changes in the slope, and the position of the ICML. If the ICML is constant or deterministic, investors do not need to hold any hedge portfolio even if means, variances and covariances of asset returns are changing randomly over time.
This paper uses the general continuous-time modeling framework of Merton (1969 Merton ( , 1971 Merton ( , and 1973 in analyzing rational portfolio choice and hedging demand in a stochastic environment. It derives the optimal asset allocation for a long-lived investor who continuously invests in cash, nominal bonds and stocks and faces a stochastic investment opportunity set. Dynamics in the stochastic investment opportunity set are assumed to be driven by three stochastic elements, the interest rates, volatility of returns and inflation. The model's results are achieved within market incompleteness conditions, where the number of sources of uncertainty is larger than the number of risky assets. This sort of market incompleteness is analyzed by He and Pearson (1991) , Karatazas et al (1991) and Nielsen and Vassalou (2000) .
In the empirical part, the paper estimates the parameters of the stochastic processes by means of the Spectral GMM estimator. The estimated parameters are used to calibrate the optimal portfolio choice for three different risk-recipients investors with different investment horizons. The calibration aims to mimic observed financial planners' investment advice.
The literature that examines optimal asset allocation in dynamic setting is numerous. In a setting without volatility uncertainty, Munk et al.(2004) , Brennan and Xia (2002) and Campbell and Viceira (2001) solve for the optimal portfolio policy and decompose the portfolio selection into a "speculative term" and a hedging term. Liu (2001) analyzes optimal portfolio choice where the dynamics in the investment opportunity set are derived by the interest rate and volatility uncertainties without considering the inflation effect. Brennan and Xia (2000) , and Omberg (2001) consider a similar problem without including inflation and volatility dynamics. Chacko and Viceira (2003b) solve for the optimal asset allocation in an incomplete market setting with volatility as a single source of risk.
The model in this paper is close to the models applied in Munk et al. (2004) Brennan and Xia (2002) and Campbell and Viceira (2001) . In these papers, interest rate is described by a Vasicek-model whereas, we use CIR model rather than Vasicek-model. The Vasicekmodel allows for a negative interest rate which, cannot be explained in real application. Brennan and Xia (2002) and Campbell and Viceira (2001) describe nominal interest rates by a two-factor model and their model construction allows for complete market conditions by investing in two different nominal bonds.
The model is calibrated in two steps. In the first step the paper estimates the parameters of the model using monthly US data from the April 1953 to September 2001 by means of the Spectral GMM techniques. In the second step, the obtained capital market parameters are used in calibrating the relevant preference parameters by minimizing the sum of squared deviations between the theoretical and observed asset allocation advice across investors with different risk attitudes and investment horizons. With this calibration, the model could provide simultaneous resolution for both the Samuelson and the asset allocation puzzle.
The paper is organized as follows. Section 2 presents the formal model and the solution to the intertemporal portfolio problem. Section 3 introduces estimates for the capital market parameters and, subsequently, calibrates the model to the observed asset allocation advice and section 4 concludes.
The Stochastic Environment
Let's consider the investment problem of an investor who has access to capital market and wants to transfer current wealth W 0 into a future terminal wealth at a specific investment horizon. We consider the basic asset allocation problem of how much to invest in a money market bank account (cash), nominal zero coupon bonds, and stocks. Here we assume that nominal bonds differ from cash in that they provide capital gains beside the coupon payments. It is held also as a part of the hedging portfolio not only the speculation portfolio. The duration of the bond reflects the stochastic duration of the portfolio. Investors who hold bonds in their portfolio keep a certain portion of their portfolio in the form of bonds, whenever a bond expires it is replaced by a longer maturity bond.
The Capital Market Dynamics
The stock index is assumed to evolve according to the stochastic differential equation
Where r t is the short nominal interest rate, ts μ is the time varying expected excess return from investing in stocks, and is the time varying stock index volatility. Z ts v st is a Wiener process. Accordingly, the variation in the investment opportunity set is induced by stochastic variation of the short-term interest rate, the expected excess return and the conditional variance of the risky assets. Merton (1980) suggests that risk premium is crucial to portfolio choice, but it is difficult to estimate empirically. Merton proposes that risk premium might depend on the volatility powers. The power could be 0, 1 or 2. Here the assumption is made that the risk premium is proportional to the volatility (i.e. the power 1). By definition, the proportionate factor that connects the expected risk premium ts μ with volatility is the instantaneous market price of risk or instantaneous sharp ratio. Thus 
Volatility
, on the other hand, is assumed to follow a square root diffusion process of Heston (1993) :
Where v represents the long run mean for volatility, v κ is the speed of adjustment, and s σ is constant.
The nominal interest rate dynamics are described by a Cox, Ingersoll and Ross (1985) , CIR model,
Where r represents the long run mean of the interest rate, r κ is the speed of adjustment, and v r is the interest rate volatility, which is assumed constant for simplicity.
The term structure of interest rates has the same form as in CIR. In particular, the price of a zero-coupon bond with time to maturity τ is given by Bonds are interest rate contingent claims, by Ito's lemma, the dynamics of the bond price BB t can be described by a stochastic differential equation
2 r r σ λ is the risk premium on the interest rate, so, it represents r μ .
is the elasticity of the bond price with respect to the short interest rate; this elasticity is usually referred to as the stochastic duration of the interest rate contingent claim [Ingersoll, Skeldon and Weil (1978) and Cox, Ingersoll and Ross (1979) ]. Here, we assume that the bond available for the investor has a constant duration η . This can be thought of as reflecting the duration of the aggregate portfolio of bonds outstanding, or a bond index, where bonds that expire are always substituted with new longer term bonds. Also, note that the short interest rate and the return on the bonds are perfectly negatively correlated and with covariance rate The nominal price of the real consumption good in the economy at time t is . Thus the real price of any asset in the economy is deflated by the price index . For instance, the real price of the stock is and the real price for the bond is
The dynamics of the nominal price of consumption goods are given by the following diffusion processes:
Whereas the expected inflation rate t ϕ follows mean reverting Orestein-Uhlenbeck process:
Where t ϕ is the expected rate of inflation, ϕ is the long-run mean of the rate of inflation, ϕ κ is the speed of adjustment. and are the volatilities of the price index and . By Ito's lemma we can find the processes for real stocks and bonds and to be in the following forms:
Accordingly, we find that the dynamics of the real wealth follows the following process:
Where 
Preferences
The investor chooses a dynamic portfolio strategy in order to maximize the expected utility of terminal wealth at a specific horizon .
τ We formulate the optimal portfolio problem for a long-term investor who invests in stocks, bonds, and cash.
Detining the value function or indirect utility function ) , , , (
for an investor withτ periods investment horizon. The value function must satisfy the boundary condition ).
Bellmen principles assume that the value function at the maximum is martingale.
The first order condition of the problem in (12) gives the following characterization of the optimal risky asset proportions α :
Equations (13) and (14) gives a general characterization of the optimal portfolio weights in the specific market setting. The first term in those equations is the usual speculative portfolio that is optimal for an investor with short horizon or log utility. The other four terms describe how the investor optimally hedges changes in the opportunity set. The second term describes the hedge against the nominal interest rate. The factor r
in (14) measures the sensitivity of the logarithm of the marginal utility of wealth to changes in the interest rate and it summarizes the investor's attitude towards changes in the interest rate. The third term describes the hedge against the stochastic changes in interest rate, and it is expressed in a form of logarithm of marginal utility change with respect to volatility in the same way for interest rate. Using the fact that
we can rewrite the above relation in the form
Hence, the optimal hedge against changes in the interest rate is obtained by investing entirely in the bond; this is similar to the optimal strategy in the complete market Vasicek settings of Brennan and Xia (2000) . As a matter of fact, the first two terms in the hedging component are quite similar to what Liu (2001) has.
The last two terms in (13) describe how the investor hedges against short-run unexpected inflation and changes in future inflation rates, respectively. Munk et al (2004) derive in a Vasicek settings similar components for asset allocation. Equations (13)- (15) do not give an explicit solution for the optimal asset allocation. To get an explicit solution, we have to solve the partial differential equation (PDE) in the Bellman principle, equation (12) (15) and substitute back the conjecture in equation (16) condition with the first order condition PDE in equation (12). After doing that we would get four ordinary differential equations that can be solved to get the values for ) (τ a , ) (τ b ), (τ c and ) (τ q . Resubstitute the solution for the ODE,s in the first order condition we get the solution of the vector of risky assets α at time t where there are τ periods for the horizon:
is invested in the cash or bank account.
Equation (17) shows that the optimal portfolio weights for CRRA investors are linear combinations of the speculative portfolio (the first term of equation 17) and the different hedge portfolios. In particular, for investors with the same investment horizon τ the optimal portfolios are linear combinations of the speculative portfolio and a single hedge portfolio; the relative risk tolerance γ / 1 , represents the weights on the two relevant portfolios. Munk et al (2004) show that an expression such as the one in (17), without the hedging component against volatility dynamics, describes the demand for hedging against changes in the nominal interest rate and inflation. Such expression consists of mixed positions in the stocks and bonds and it can explain the bonds/stocks puzzle pointed out by Canner, Mankiw and Weil (1997) . The first hedge term shows that the interest rate hedge involves bonds. The last two terms explain the inflation hedge that involves stocks. Liu (2001) shows also that an expression like the first two components in the hedging portfolio with a mix of stocks and bonds can explain the asset allocation puzzle. Chacko and Viceira (2003b) indicate that hedging against volatility dynamics in an all stock portfolio give results that are consistent with asset allocation puzzle. Brennan and Xia (2000) show that with an all bonds portfolio that hedging interest rate dynamics gives results also consistent with the financial planers advice.
In this setting with interest rate hedging, volatility hedging and inflation hedging, we get more emphasis on both the asset allocation puzzle and the horizon puzzle. The terms ) (τ c and s σ involve both hedging effects and asset allocation effects. A particular notice in equation (17) is that the amount of hedge portfolio holding or risky assets depends on the correlation structure between the inflation rate and the assets held in the portfolio. Additionally, equation (17) shows as well that the duration of the bond holding plays a significant role in determining the total bond holding, while the volatility of the volatility S σ plays an identified role in determining the ultimate holdings of the hedging funds. Correlations among risky assets seem to have a dominant role in the speculating portfolio. If ϕ κ is small, changes in the expected inflation rate are relatively permanent, and horizon effects may be significant. However, whether this horizon effect implies more or fewer stocks for the long-term investor depends on the precise correlation structure. It depends as well on whether the stock serves as a relatively good substitute for the real bond that should ideally be used for hedging changes in real rates in a complete market setting.
Model Estimations and Calibrations
Here we first introduce the estimation technique spectral GMM of Chacko and Viceira (2003a) and Singleton (2001) . Then it calibrates the asset price and inflation parameters of the capital market model. In the third section, the calibrated parameters are used in a calibration exercise where the subjective risk aversion parameter and time horizon parameter are fitted to match observed asset allocation advice for different investor groups.
Model Estimation: Spectral GMM
A spectral GMM approach is adopted to estimate the parameters of the processes in the model Pennacchi (1991) , Campbell and Viceira (2001) and Brennan and Xia (2002) have used Kalman filtering in contexts similar to this paper. Chacko and Viceira (2003a&b) use the spectral GMM in stochastic volatility context. One advantage of the spectral GMM over the Kalman filtering is that the spectral GMM does not require the discretization of the stochastic process. It only requires knowledge of its conditional characteristic function. Once we know this function, we can integrate the stochastic interest rate and inflation out and obtain the characteristic function of next period's stock price and commodity price level conditional only on the prior period's prices. Chacko and Viceira (2003a) call this estimation method Spectral GMM because it uses the generalized method of moments (GMM) to estimate the parameters of the model directly off this conditional characteristic function.
To calculate the conditional characteristic function, we have to transform the process to an exponential affine process as in Chacko and Das (2002) . We transform the stock price process into a form of the log stock price, Equation (20) is known as Kolomogorov Backward Equation (KBE) or Fokker-Plank Forward Equation (FPFE) . And the characteristic function is the solution for this equation given that
To solve explicitly for the characteristic function, we conjecture a solution for the KBE in the form of
Now substituting the conjecture into the KBE we get four ODEs. By solving those four ODEs , we get the values for the parameters ) D( and ), ( ), ( ), (
.
Next we integrate the unobserved variable (volatility) out in the same way in Chacko and Viceira (2003a) . Here, we get the number of moments that are necessary for the GMM by substituting the number of parameters that are needed to be estimated with ω .
Estimation of The Processes Parameters
The system is estimated using monthly US data with almost 50 years period from April 1953 until September 2001. Data on eight constant maturity yields are used; the times to maturities are 3 months, 1-year, 2 years, 3 years, 5 years, 10 years, 20 years and 30 years. Unavailable yields are calculated using the simple bootstrap method. Cumulative dividend stock returns data available in Robert Shiller's web site are used for the purpose of estimating the stock returns process. Table 1 shows the data used and the sources of these data.
In Table 2 , from the Spectral GMM estimates, we find that the market price of risk on the stock index is estimated to be 0.0762 and the long-term volatility mean is 12.1%. Table 2 shows also that the estimated long term mean of the nominal interest rate is 4.42%, and the volatility of the interest rate is 2.12%. With the estimated value of the interest rate risk premium r λ to be around 1%, we can compute the expected excess return, and the volatility of bonds with any horizon to maturity. For instance, based on CIR (1985) , the duration on a pure discount bond with 3 years to maturity )
The expected excess return on that bond would be trivial according to those estimations. The estimation shows also that long term expected rate of inflation is 3.64%, which leaves a long-term positive real interest rate. Generally, Munk et al (2004) , Campbell and Viceira (2001) and Brennan and Xia (2002) report similar estimates.
The estimates of correlations coefficients show that the stock index is negatively correlated with the nominal interest rate, the commodities price index and the inflation rate. Additionally, estimates show that the stock return index has also negative correlation with real interest rates. This significantly different from what Munk et al (2004) got. Munk et al. (2004) report some positive correlation and that required them to allow for the parameters to move two standard deviations around the estimate in order to get some non-positive correlation and then to be able to mimic the financial planners advice. Getting such negative correlation makes our task much easier in calibrations. This negative correlation between the stock index and the real interest rate means that stocks can be used instead of long term real bonds as hedging instruments against changes in real interest rates induced when there is significant inflation rates, and that is what Campbell and Viciera (2001) basically report.
Our estimates differ quantitatively and sometimes qualitatively from Munk's et al. (2001) estimates. One reason might be besides the sample differences and the estimation techniques (they use Kalman Filtering rather than Spectral GMM) be the inclusion of the stochastic volatility in estimating the stock return process and using the CIR model for interest rate rather that the Vasicek model.
Calibration to The Professional Financial Planners' Advice
Following Munk et al, (2004) exercise in matching the financial planners' advice. However, we construct the matching data in a different way. Additionally, the differences in estimates between our work and their work allow for some flexibility in the calibration, thus we do not impose all the restrictions they impose. Table 3 tabulates the asset allocation recommendations as considered the match data. These recommendations are generated from the advice of the four financial planners and their three classic portfolios and rank them by their market risk: low risk, medium risk, and high risk. These portfolios are tabulated in Canner, Mankiw and Weil (1997) as for "conservative," "moderate," and "aggressive" investors. Those portfolios are constructed in a way that the most conservative advice is assigned to the short horizon conservative investor, and the least conservative advice is assigned to the long horizon conservative investor. On the other hand, the most aggressive advice is assigned to the long run aggressive investor, and the least aggressive advice is assigned to the short-term aggressive investor. So, the short run horizon takes the most conservative or the least aggressive of all advices, and the long run horizon takes the least conservative or the most aggressive advices. The medium horizon takes the medium of the all advices.
The recommendations in Table 3 are in accordance with the popular advice that investors with a long horizon should invest a higher fraction of wealth in stocks. Also, the investment recommendations are in accordance with the pattern pointed out by Canner, Mankiw and Weil (1997) and, in fact, for any investment horizon the bond to stock ratio is increasing with risk aversion.
We calibrate parameters so as to minimize the sum of squared deviations between the asset allocation recommendations in Table 3 and the optimal asset allocations in the economic modeling framework in section 2. The summation of squared deviations that will be minimized is taken over all portfolio weights for the three horizons (short, medium, long), the three degrees of risk aversion (conservative, moderate, aggressive), as well as the allocations into stocks, bonds, and cash. This makes a total of 27 (= 3 x 3 x 3) squared deviations in the summation.
In calibrating the model, we vary three risk aversion parameters: γ con > γ mod > γ agg > 0. Likewise, we vary three investment horizon parameters: 0 < H short < H med < H long < 35 years. These parameters are meant to represent the relative risk aversion parameters of "conservative," "moderate," and "aggressive" investors as well as the investment horizon of investors with short, medium, and long horizons, respectively. Furthermore, we allow investors with different investment horizons to use bonds that differ in duration. The individual investor can thus invest in cash, stocks and a bond with a duration that depends on the investment horizon. Without loss of generality the bond can be thought of as a zero coupon bond and when we refer to the duration of the bond in the following, we are in fact referring to the time to maturity on the relevant zero coupon bond. This duration concept is known as the stochastic duration as shown by Ingersoll, Skeldon and Weil (1978) and Cox, Ingersoll and Ross (1979) . We calibrate the stochastic durations as part of the problem and we impose the intuitive restriction that investors with longer investment horizons should not use shorter duration bonds and the restriction that the duration on the bond is between 5 years and 15 years so that it could represent a realistic aggregate bond index; i.e. in the calibration we have the restriction:
We perform one calibration by varying only the risk attitude parameters, investment horizons, and relevant durations subject to the above restrictions. The point estimates of the asset price, interest rate, and inflation dynamics in Table 2 are applied in generating the optimal theoretical asset allocations as we derived in equation 17.
It can be observed that the calibrated model asset allocation in Table 4 conforms to the advice that longer term investors should invest a higher fraction of wealth in stocks. It confirms also the advice that aggressive investors should allocate more stocks in their portfolios as compared with bonds. The trend in table 4 is quite obvious. The short horizonconservative investors allocate 1.47 % in bonds relative to stocks, which almost mimic the financial planner advice for the short-term -conservative investors. However, our model could not mimic exactly the advice for the long-term-aggressive investor. According to our calibrations, this investor's bonds to stock ratio is 7%, where it is zero for the match data. Generally speaking, the model and the estimates could mimic closely the financial planner advice.
The representative investment horizons calibrated in Table 4 -B seems to be reasonable. Specifically, investor with a short investment horizon has an investment horizon of 5.69 years while a long-term investor acts so as to maximize utility of wealth at a thirty five year horizon. On the other hand, the calibrated relative risk aversion parameters are seemed to be unreasonably high. For example, an "aggressive" investor has a relative risk tolerance of 0.32 (= 1/3.12). Hence, this investor will only allocate 32% of wealth to the speculative portfolio while the remaining 68% is allocated to the hedge portfolio. Also, the "conservative" investors are very cautious in the sense that they will only allocate 3.5% (= 1/28.26) of wealth to the speculative portfolio while 96.5% are invested in a hedge portfolio. Munk et al. (2004) report similar unreasonable numbers for hedging portfolio and speculation portfolios.
Conclusion
In this paper, we solve for the optimal asset allocation for an investor who faces a stochastic investment opportunity set in an incomplete market setting. Incomplete markets in this sense imply that the resources of uncertainties are larger than the number of risky assets held in the portfolio. We allow for four sources of uncertainty, in addition to stock returns. We assume stochastic volatility, stochastic interest rates, stochastic expected inflation and a stochastic consumer price index. Theoretical results show that the correlation between inflation and risky assets held in the portfolio plays a significant role in constructing the hedging portfolios. It has no role in determining the portion of the portfolio held for speculation. On the other hand, the correlation structure between risky assets held in the portfolio seem to be more important in determining the size of funds held in the portfolio for speculation purposes.
Introducing volatility as a risk factor enables us to mimic the popular advice of financial planners. Including all of the uncertainty factors that affect the instantaneous slope and instantaneous intercept of the instantaneous capital market line seems to introduce a simultaneous resolution for both the Samuelson puzzle as well as the asset allocation puzzle pointed out by Canner, Mankiw and Weil (1997) . 
